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Fuzzy Propositions

 Two-valued logic vs. Multi-valued logic
 Examples of Fuzzy proposition

* Fuzzy proposition vs. Crisp proposition

e Canonical representation of Fuzzy proposition

* Graphical interpretation of Fuzzy proposition
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Two-valued logic vs. Multi-valued logic

* The basic assumption upon which crisp logic is based - that
every proposition is either TRUE or FALSE.

* The classical two-valued logic can be extended to multi-valued
logic.

* As an example, three valued logic to denote true(1), false(0)
and indeterminacy ( 1/2).
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Two-valued logic vs. Multi-valued logic

Different operations with three-valued logic can be extended as shown in the
truth table:

Fuzzy connectives used in the
above table are:

« AND (A)

« OR (V)

e NOT (—)

* |IMPLICATION (=) and
« EQUAL (=)
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Three-valued logic

Fuzzy connectives defined for such a three-valued logic better can
be stated as follows:

NOT

OR
AND
IMPLICATION
EQUALITY
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Fuzzy proposition: Example 1

P: Ram is honest

T(P) = 0.0 : Absolutely false
T(P)=0.2 : Partially false

T(P)=0.4 : May be false or not false
T(P)=0.6 : May be true or not true
T(P)=0.8 : Partially true

T(P) = 1.0 : Absolutely true.
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Fuzzy proposition: Example 2

P :Maryis efficient; T(P) = 0.8
Q :Ramis efficient; T(Q) = 0.6

* Mary is not efficient.
T(-P)=1—-T(P) = 0.2

* Mary is efficient and so is Ram.
T(PANQ) = min{T(P), T(Q)} = 0.6
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Fuzzy proposition: Example 2

P :Maryis efficient; T(P) = 0.8
Q :Ramis efficient; T(Q) = 0.6

* Either Mary or Ram is efficient
T(PV Q) = max{T(P), T(Q)} = 0.8

* If Mary is efficient then so is Ram
T(P = Q) = max{1 —T(P), T(Q)} = 0.6
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Fuzzy proposition vs. Crisp proposition

e The fundamental difference between crisp (classical)

proposition and fuzzy propositions is in the range of their truth
values.

 While each classical proposition is required to be either true or
false, the truth or falsity of fuzzy proposition is a matter of
degree.

 The degree of truth of each fuzzy proposition is expressed by a
value in the interval [0,1] both inclusive.
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Canonical representation of Fuzzy proposition

* Suppose, X is a universe of discourse of five persons. Intelligent
of x € X is afuzzy set as defined below.

Intelligent: {(x,0.3), (x,, 0.4), (x5,0.1), (x,,0.6), (x:,0.9)}

* We define a fuzzy proposition as follows:
P : xis Intelligent

* The canonical form of fuzzy proposition of this type, P is
expressed by the sentence P : vis F .
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Canonical representation of Fuzzy proposition

* Predicate in terms of fuzzy set.
P : vis F;where vis an element that takes values v from some

universal set IV and F is a fuzzy set on I/ that represents a fuzzy
predicate.

* In other words, given, a particular element v, this element
belongs to F with membership grade ur(v).

~ - NPTEL ONLINE Debasis Samanta

' IIT KHARAGPUR X CERTIFICATION COURSES CSE
NPTEL IIT Kharagpur



Y|
Graphical interpretation of fuzzy proposition

A

22,453

_a

v' For a given value v of variable V in proposition P, T (P) denotes
the degree of truth of proposition P.
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Fuzzy system

——#  Fuzzy element(s)

Fuzzy sets —H

Fuzzy niles U

(Propositins)

—CcvZ2-

Fuzzy implications

(Inferences)

Fuzzy system

—Ccv4HCO
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Fuzzy implications

* Fuzzy rule

 Examples of fuzzy implications
* Interpretation of fuzzy rules

* Product operators

 Zadeh’s Max-Min rule and some examples
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Fuzzy rule

* A fuzzy implication (also known as fuzzy If-then rule, fuzzy rule,
or fuzzy conditional statement) assumes the form :

If xis Athenyis B

where, A and B are two linguistic variables defined by fuzzy sets
A and B on the universe of discourses X and Y, respectively.

e Often, xisA is called the antecedent or premise, while
y is B is called the consequence or conclusion.
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Fuzzy implication : Example 1

* If pressure is High then temperature is Low
* If mangois Yellow then mango is Sweet else mango is Sour
* Ifroad is Good then driving is Smooth else traffic is High

* The fuzzy implication is denotedasR: A - B

* In essence, it represents a binary fuzzy relation R on the
(Cartesian) product of A X B
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Fuzzy implication : Example 2

 Suppose, P and T are two universes of discourses representing
pressure and temperature, respectively as follows.

P = {1234} and T ={10,15,20,25,30,35,40,45,50)

* Let the linguistic variable High temperature and Low pressure

are given as
Thicn = {(20,0.2),(25,0.4),(30,0.6),(35,0.6),(40,0.7),
(45,0.8),(50,0.8)}
P, = {(1,0.8),(2,0.8),(3,0.6),(4,0.4)}
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Fuzzy implication : Example 2

Then the fuzzy implication If temperature is High then pressure is

Low can be defined as . 5 3 4

20 [ 0.2 0.2 02 0.2
5 | 04 04 04 04
30 | 0.6 06 06 04
where, R = 35 | 06 06 06 04
40 | 0.7 0.7 06 04
45 | 0.8 0.8 06 04
50 | 0.8 0.8 0.6 0.4 |

R: Tyigy = Prow

Note : If temperature is 40 then what about low pressure?
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Interpretation of fuzzy rules

In general, there are two ways to compute the fuzzy rule A - B as
* A coupled with B
 Aentails B
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Interpretation as A coupled with B

R: A»B = AxB= [, ua(x)*up(®)|(x,y); where xis called a T-norm

operator.
The most frequently used T-norm operators are:
*  Minimum :T,...,(a,b) = min(a,b) = aAb
* Algebraic product :T,(a,b) = ab
* Bounded product :Tp,(a,b) = 0V (a + b —1)

(

aif b=1

* Drastic product Ty =4 bifa=1

\O if a,b<1

Here,a = py(x)andb = ug(y).T is called the function of T-norm operator.
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Interpretation as A coupled with B

Based on the T-norm operator as defined, we can automatically define the fuzzy
ruleR : A — B as a fuzzy set with two-dimensional MF:

ur(e, y) = f(ua(x), us ) = f(a,b) witha = pu,(x), b = ug(y)and fis
the fuzzy implication function.
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Interpretation as A coupled with B

In the following, few implicationsof R : A — B

Min operator:

Rm = AXB = fXxyqu(x)/\qu(y)l(ny) or fmin(alb) = al\b

[Mamdanirule]
Algebraic product operator

Rap =AXB = fXxyqu(x)wuB(y)l(xly) or fap(alb) = ab

[Larsen rule]
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Product Operators

Bounded product operator

Ry, = AXB =L YHA(X)QHB(y)l(ny)

=L YO V (ua(x) + up(y) — 1) |(x,y) or fp,ap)=0V(a+b—1)

Drastic product operator

[ aifb=1

de =AXB :J- lu'A(x)’.\)u'B(y)l(xly) or fdp(alb)=< blfazl
200 \O if otherwise
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Interpretation of A entails B

There are three main ways to interpret such implication:

Material implication:
R: A-B = AURB

Propositional calculus:
R: A->B =AU (AUB)

Extended propositional calculus :
R: A-B = (AnB) UB
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Interpretation of A entails B

With the above mentioned implications, there are a number of fuzzy implication
functions that are popularly followed in fuzzy rule-based system.

Zadeh’s arithmetic rule :

R = AUB = [ 1A= 10,00 +1s00) [(57) or
XXY

f,(a,b) =1AN(1—a+ b)

Zadeh’s max-min rule :

Rym = AU (ANB) = . Y(l —pua(x))V (g Cx) Aug(y)) |(x,y) or

fmm(a,b) = (1 —a)V(alb)
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Interpretation of A entails B

Boolean fuzzy rule:

Ry = AUB = . Y(l—NA(x))VHB(xH(x:J’) or

frr(a,b) = (1 —a)Vvb)

Goguen’s fuzzy rule:
lifa<b

Ryr = fXXyiuA(x) *up(y)|(x,y) where axb = gifa>b
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Example 3: Zadeh’s Max-Min rule

If xis A theny is B with the implication of Zadeh’s max-min rule can be written
equivalently as :

R,.. =(AXB)U(AXY)
Here, Y is the universe of discourse with membership values forally € Yis 1,
thatis, uy(y) = 1vy € Y:
SupposeX = {a,b,c,d} andY = {1,2,3,4} and
A = {(a,0.0),(b,0.8),(c,0.6),(d, 1.0)},

B = {(1,0.2),(2,1.0),(3,0.8), (4,0.0)} are two fuzzy sets.
We are to determineR,,. = (A X B) U (AXY
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Example 3: Zadeh’s Max-Min rule

The computationof R, = (A X B) U (4 X Y) is as follows

1 2 3 4
a[ 0 0O 0
b | 02 08 08 0
a= .| 02 06 06 o | 2
s |02 10 08 0
1 2 3 4
a1 1 1 1
_ b | 02 02 02 02
A= c| 04 04 04 04
s 0o o o o0
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Example 3: Zadeh’s Max-Min rule
Therefore, R, = (AXB)U (A XY)

02 08 08 0.2
04 06 06 04
| 0.2 1.0 0.8 O

Rum = (A x B)U (A x Y) =

O o T o
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Example 4:

IF xis ATHEN y is B ELSE y is C. The relation R is equivalent to
R = (AXB) U (AXC()
The membership function of R is given by

ur(x, y) = max[min{u, (x), up (¥)}, min{pz(x), uc ()}
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Example 4:

X ={ab,cd}
Y ={1,2,3,4}
A = {(a,0.0),(b,0.8),(c,0.6),(d,1.0)}
B ={(1,0.2),(2,1.0),(3,0.8),(4,0.0)}
C ={(1,0.0),(2,0.4),(3,1.0), (4,0.8)}
Determine the implicationrelation :

If xisAthenyisBelseyisC
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Example 4:

1 2

0 0
0.2 08 08
0.2 06 06
| 0.2 1.0 0.8

O w

Here, A x B =

o o o o
O O OO0 &~

1 2 3 4
0 04 1.0 08"
0 02 02 02
0.4
O 0 O O

and A x C =

Q o o o
o
©
N
—
N
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Example 4:

1 2

0 0
0.2 08 08
0.2 06 06
| 0.2 1.0 0.8

O w

Here, A x B =

o o o o
O O OO0 &~

1 2 3 4
0 04 1.0 08"
0 02 02 02
0.4
O 0 O O

and A x C =

Q o o o
o
©
N
—
N
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Example 4:

0 04 10 08 ]
02 08 08 0.2
02 06 06 04
| 02 1.0 08 O

o O o L
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Fuzzy inferences

Let’s start with propositional logic. We know the following in propositional logic.

1. ModusPonens.P,P = Q, X
2. ModusTollens. P = Q, =0, <, 0
3. Chainrule.P = Q,Q = R, <,P =R

¥ NPTEL ONLINE Debasis Samanta

. IIT KHARAGPUR X CERTIFICATION COURSES CSE
NPTEL IIT Kharagpur



|
An example from propositional logic

Given.
1) CvD

2) ~H = (AN~ B)
3) C VD = ~H

4) (AN~B) = (RVYS)
From the above can weinferR v §°?

Similar concept is also followed in fuzzy logic to infer a fuzzy rule from a set of
given fuzzy rules (also called fuzzy rule base).
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Inferring procedures in Fuzzy logic

Two important inferring procedures are used in fuzzy systems.
* Generalized Modus Ponens (GMP)

If xis AThenyis B

xis A

yis B’
* Generalized Modus Tollens (GMT)

If xis AThenyis B
yis B’

xis A’
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Fuzzy inferring procedures

* Here, A, B, A" and B’ are fuzzy sets.

* To compute the membership function A" and B’ the max-min composition of
fuzzy sets B’ and A’, respectively with R(x,y) (which is the known
implication relation) is used.

 Thus,
B' = A o R(x,y) up () = max[min(u, (x), ug (x,y))]
A =B o R(x,y) ta (x) = max[min(ug (y), ur (x,))]
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Generalized Modus Ponens : Example

P: If xisAthenyisB

Let us consider two sets of variables x and y be
X = {leXZJXB} andY = {yllyZ}

Also, let us consider the following.

A ={(x1,0.5),(x,,1),(x3,0.6)}
B = {(le 1), (yZJ 04)}
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Example: Generalized Modus Ponens

Generalized Modus Ponens (GMP)
If xisAThenyisB

xisA

yisB’
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Generalized Modus Ponens

P: If xisAthenyisB

Suppose, given a fact expressed by the proposition x is A’,

where A’ = {(x4,0.6), (x,,0.9), (x3,0.7)}

We are to derive a conclusionin the form y is B’

Here, we should use generalized modus ponens (GMP).
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Example. Generalized Modus Ponens

If xisAThenyisB
xis A’

yis B’

We are to find B’ = A’ o R(x,y), where R(x,y) = max{A X B,A X Y}

yi Y2 yi Y2

X1[0.5 0.4 — X1[10.5 0.5
AxB—xz[l 0_4‘ and AxY—xz[O 0‘
X310.6 0.4 X310.4 0.4

Note. For A X B, paxp(x,y) = min(u,(x), up(y))
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Example. Generalized Modus Ponens

Y1 Y2
- X1[0.5 0.5
R(x,y)z(AxB)U(AxY)zxz[l 0_4‘
X310.6 0.4
Now A = {(xlr 0'6)1 (xz, 0'9)1 (x31 0'7)}
0.5 0.5
ThereforeB’=A"oR(x,y) =[0.6 09 0.7]°|1 0.4|=1[0.9 0.5]
0.6 0.4

Thus we derive that y is B’ where B = {(y4,0.9), (y,,0.5)}
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Example. Generalized Modus Tollens

Generalized Modus Tollens (GMT)
If xisAThenyisB
yis B’

xXisA
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Example. Generalized Modus Tollens

Let the universe of discoursesbe X = {xq,x5,x3}andY = {y4,y,},

respectively.

* Assume that a propositionIf x is AThen y is B given where
A= {(xll OS)J (xZJ 1)! (x3l 06)} And B = {(yll 1)! (yZJ 04)}

« Assume now that a fact expressed by a proposition y is B is given
where B’ = {(y4,0.9), (y,,0.7)}

* From the above, we are to conclude that x is A’. That is, we are to determine A’
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Example. Generalized Modus Tollens

1. Wefirst calculateR(x,y) = (A X B)U (4 xY)

Y1 Y2
X1[0.5 0.5
R(x'y)=x2[1 0.4‘
X310.6 0.4
2. Next, we calculate A’= B’ o R(x, y)
0.5 0.5
A=[09 07]e|1 04|=[05 09 0.6]
0.6 0.4

3. Hence, we calculate that x is A’ where
A" = [(x41,0.5),(x,,0.9),(x3,0.6)]
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Practical example

Apply the fuzzy GMP rule to deduce Rotation is quite slow
Given that.

1. If temperature is High then rotation is Slow.
2. temperatureis Very High

Let,

X ={30,40,50,60,70,80,90,100} be the set of temperatures.
Y ={10,20,30,40,50,60} be the set of rotations per minute.
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Practice

The fuzzy set High(H), Very High (VH), Slow(S) and Quite Slow (QS) are given
below.

H ={(70,1),(80,1),(90,0.3)}

VH = {(80,0.6),(90,0.9),(100,1)}

S ={(30,0.8),(40,1.0),(50,0.6)}

QS ={(10,1),(20,0.8),(30,0.5)}

1. If temperatureis High then rotation is Slow.
R=(HX SUHXY)
2. temperatureis Very High
Thus, to deduce “rotation is Quite Slow”, we make use the composition rule

QS = VH o R(x,y)
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What is defuzzification?

» Defuzzification means the fuzzy to crisp conversion.

Example 1.

Suppose,Ty;;y denotes a fuzzy set representing temperature is High.

Tycy is given as follows.
Tuicn = {(15,0.1), (20, 0.4), (25,0.45), (30,0.55), (35,0.65), (40,0.7), (45,0.85), (50,0.9) }

« Whatis the crisp value that implies the high temperature?
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Example 2. Fuzzy to crisp

As an another example, let us consider a fuzzy set whose membership function is
shown in the following figure.

1.0 ==

u(x)

X —t

What is the crisp value of the fuzzy set in this case?
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Example 3. Fuzzy to crisp

Now, consider the following two rules in the fuzzy rule base.

R1.If xis Athenyis C
R2.If x is Bthenyis D

A pictorial representation of the above rule base is shown in the following figures.

A A
o]
10 4+ 10 4
. . A B

What is the crisp value that '
can be inferred from the| ¥ : M D
above rules given an input V2R U

) A VUSRI, WO ey
say x'? 4 - _

X —p
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Why defuzzification?

The fuzzy results generated can not be used in an application, where decision has to be
taken only on crisp values.

Example.

If temperatureis Ty;cy Then rotation is Rg4qr.

Here, may be input T,y is fuzzy, but action rotation should be based on the crisp
value of RFAST -
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Generic structure of a Fuzzy system

Following figure shows a general framework of a fuzzy system.

Fuzzy
rule

Crisp o i Crisp
b Defuzzifier
input ﬁ > | Fuzzifier a[e . l:' > output

Inference
mechanism
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Defuzzification methods

A number of defuzzification methods are known. Such as

1) Lambda-cut method
2) Weighted average method
3) Maxima methods

4) Centroid methods
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Lambda-cut method

Lambda-cut method is applicable to derive crisp value of a fuzzy set or relation.
* Lambda-cut method for fuzzy relation
The same has been applied to Fuzzy set

e Lambda-cut method for fuzzy set

In many literature, Lambda-cut method is also alternatively termed as Alpha-cut method.
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Lamda-cut method for fuzzy set

1) In this method a fuzzy set A is transformed into a crisp set A, for a given value of
A0S

2) Inother-words, Ay = {x|us(x) = A}

3) That is, the value of Lambda-cut set A; is x, when the membership value
correspondingto x is greater than or equal to the specified A.

4) This Lambda-cut set A; is also called alpha-cut set.
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Lambda-cut for a fuzzy set : Example

A; ={(x4,0.9),(x,,0.5),(x3,0.2), (x4,0.3)}
A1=0.6

A0.6= {(xl! 1)! (xZ! O)! (X3, O)! (X4, O)} = {xl}

A, ={(xq,0.1),(x,,0.5),(x3,0.8), (x4,0.7)}
1=0.2

Ag 2= {(x1,0),(x2,1),(x3,1), (x4,1)} = {x2,%3,x4}
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Lambda-cut sets : Example

Two fuzzy sets P and Q are defined on x as follows.
P 0.1 0.2 0.7 0.5 0.4
Q 0.9 0.6 0.3 0.2 0.8

Find the following:
a) Py, Qo3

b) (PUQ)os
c) (PUP)yg
d) (PNQ)os
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Lambda-cut for a fuzzy relation

The Lambda-cut method for a fuzzy set can also be extended to fuzzy relation also.
Example: For a fuzzy relation R
1 02 03
R = [O.S 0.9 0.6]
04 08 0.7
We are to find A-cut relations for the following values of

A=0,0.20.905

(1 1 1] 1 1 1
Roy=|[1 1 1| andRy, = [1 1 1] and

1 1 1 1 1 1

(1 0 O] 1 0 O

Rgo=|[0 1 O|andRys = [1 1 1]

0 0 O 0 1 1
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Some properties of 1 -cut sets

If A and B are two fuzzy sets, defined with the same universe of discourse, then
1) (AU B),= A, UB;

2) (AN B),= A;NB

3) (A), # A, except for value of 1 = 0.5

4) For any A < a , where a varies between 0 and 1, it is true that A, € A;,

where the value of 4, is the universe of discourse.
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Some properties of A-cut relations

If R and S are two fuzzy relations, defined with the same fuzzy sets over the same
universe of discourses, then

1) (RUS),= RjUS;
2) (R ﬁS);l= R,lﬁS,l
3) Ra#Ry

4) ForA < a,where a betweenOand 1, then R, € R)
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Summary: Lambda-cut methods

Lambda-cut method converts a fuzzy set (or a
fuzzy relation) into a crisp set (or relation).
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Output of a fuzzy System

The output of a fuzzy system can be a single fuzzy set or union of two or more fuzzy sets.

To understand the second concept, let us consider a fuzzy system with n-rules.

Ri: If xis Aitheny is B1
Rz: If x is A2theny is B2

Rn: If x is Antheny is Bn

In this case, the output y for a given input x = x1 is possibly
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Output fuzzy set : lllusiration

Suppose, two rules R; and R, are given as follows:

Ry:if xis Ajthenyis Cy

R,:if xis Aythenyis C,

For instance,
let us consider
the following:

1.0

= .

;- IIT KHARAGPUR

Here, the output fuzzyset C = C; U C,

| C;
T 1.0 N
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Output fuzzy set : lllusiration

The fuzzy output for x = x4 is shown below.

A A

10 ==

7

Fuzzy output for x = x4
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Output fuzzy set : lllusiration

The fuzzy output for x = x, is shown below.

oo
t :
O

o
—
N
| ==a==
w
i
9]
(o)]
o
—
N
w
Y
(9]
[¢)]
-
o0}

>

L Fuzzy output for x = X,
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Output fuzzy set : lllusiration

The fuzzy output for x = x5 is shown below.

A A

10 == 1.0

L

Fuzzy output for x = X3
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O VE——
Defuzzification Methods

Following defuzzification methods are known to calculate crisp output in the situations
as discussed in the last lecture.

1. Maxima Methods
a) Height method

b) First of maxima (FoM)
c) Last of maxima (LoM)
d) Mean of maxima(MoM)

2. Centroid methods

a) Centre of gravity method (CoG)
b) Centre of sum method (CoS)
c) Centre of area method (CoA)

3. Weighted average method
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O VE——
Maxima methods

1. Maxima Methods
a) Height method
a) First of maxima (FoM)
a) Last of maxima (LoM)

a) Mean of maxima(MoM)

¥ NPTEL ONLINE Debasis Samanta

| IIT KHARAGPUR \ CERTIFICATION COURSES CSE
A IIT Kharagpur



Maxima method : Height method

This method is based on Max-membership principle, and defined as follows.
Ueo(x*) = pu.(x)forallx € X

>
*

X —»

Note:
1. Here, x*is the height of the output fuzzy set C.
2. This method is applicable when height is unique.
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Maxima method : FOM

FoM: First of Maxima : x* = min(x|C(x) = max,,C{w})
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O VE——
Maxima method : LoM

LoM: Last of Maxima : x* = max(x|C(x) = max,, C{w})
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O VE——
Maxima method : MoM

ineM(xi)
|M|

*

xX =

where, M = {x;|u(xi) = h(C)} where h(C) is the height of the fuzzy set C
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MoM : Example 1

Suppose, a fuzzy set Young is defined as follows:

Young = {(15,0.5),(20,0.8),(25,0.8),(30,0.5), (35,0.3)}

Then the crisp value of Young using MoM method is

20 + 25
x* =T =22.5

Thus, a person of 22.5 years old is treated as young!
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MoM : Example 2

What is the crisp value of the fuzzy set using MoM in the following case?

A

., a+b
L= 2 X — a
Note:

* Thus, MoM is also synonymous to middle of maxima.
* MoMis also a general method of Height.

T pecccccccccccaaa
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Centroid methods

2. Centroid methods
a) Centre of gravity method (CoG)
a) Centre of sum method (CoS)

a) Centre of area method (CoA)
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Centroid method : CoG

1) The basic principle in CoG method is to find the point x where a vertical line would
slice the aggregate into two equal masses.
2) Mathematically, the CoG can be expressed as follows :

. Jxpe(0)dx)
e (0)d(x)

Center of gravity

A X
3) Graphically,
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Centroid method : CoG

Note:

1) x™isthe x-coordinate of centre of gravity.
2) [ pe(x)d(x) denotes the area of the region bounded by the curve u,

3) If u. is defined with a discrete membership function, then CoG can be stated as :

* 2 Xi-le(xi)

2 de(xq)

4. Here, x; is a sample element and n represents the number of samples in fuzzy set C.

X fori=1ton
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CoG : A geometrical method of calculation

Steps:
1) Divide the entire region into a number of small regular regions (e.g. triangles,
trapezoid, etc.) A

Y n A
Wi N\
|

L
X4 Xz X3 X4 X5 Xg
X =

g
-

2) Let A; and x; denotes the area and c. g. of the i** portion.
3) Then x™ according to CoG is

n
- n
i=1 Ai
where n is the number of smaller geometrical components.
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CoG: An example of integral method of calculation

A Fy c,
1.0 1.0
Cy
0.7 0.7
M
H. 05 05
- -
0o 1 2 3 4 5 0 1 2 3 4 5 6
X X
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CoG: An example of integral method of calculation

( 035x 0<x<?
0.7 2<x<2.7

pe(x) =< x—-2 27<x<3

1 3<x<4

For A;: y—0= g(x —0),or y=0.35x

For A,: y=0.7

Fords: y—0=—(x—2),ory=x—2

For Ay: y=1

For As: y—1=%(x—4),ory=—0.5x+3
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CoG: An example of integral method of calculation

. Jxpc@d) N

Thus, X =1 Goaw b
2 2.7 3 4 6
N =[ O.35x2dx+[ 0.7x2dx + (x2—2x)dx+] xdx+[ (—0.5x% + 3x)dx
0 2 2.7 3 4
= 10.98

3

2 2.7 4 6
D= [ 0.35xdx + j 0.7xdx + | (x—2)dx+ [ dx + f (—=0.5x + 3)dx
0 2 3 4

2.7
= 3.445

« 1098
Thus, x™ = 2225 = 3.187
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Centroid method : CoS

If the output fuzzy set C = C; U C, U - .......C,, then the crisp value according to
CoS is defined as
_ ?zlxiAci

A
Here, A, denotes the area of the region bounded by the fuzzy set ¢; and x; is the
geometric centre of the area A, .
Graphically,

*

X

A
¢,
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Centroid method : CoS

Note:

* In CoG method, the overlapping area is counted once, whereas, in CoS , the
overlapping is counted twice or so.

* In CoS, we use the centre of area and hence, its name instead of centre of gravity as
in CoG.
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CoS: Example

Consider the three output fuzzy sets as shown in the following plots:
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CoS: Example

In this case, we have

1
Ac = Ex 03X (3+5),x;=25

1
2=Ex0.5x(4+2),x2=5
1
=7 X 1.0X(3+1),x3=6.5

1
2

A

A

3
><0.3><(3+5)><2.5+%><0.5><(4—+2)><5+%><1.0><(3+1)><6.5

Thus, x* = 1 T 1
EX0'3X(3+5)+EX0'5X(4+2)+EX1'0X(3+1)

Note:
The crisp value of C = C; U C, U (5 using CoG method can be found to be
calculatedas x™ = 4.9
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Ceniroid method: Centre of largest area

If the fuzzy set has two sub regions, then the centre of gravity of the sub region with the
largest area can be used to calculate the defuzzified value.

S e 0 x'd(x)
T [ ey () dx)
Here, C,, is the region with largest area, x’ is the centre of gravity of C,,,.
Graphically, A

Mathematically, x*
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Weighted average methods

3. Weighted average method
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Weighted average method

1) This method is also alternatively called “Sugeno defuzzification” method.
2) The method can be used only for symmetrical output membership functions.

3) Thecrisp value according to this method is

¥ __ ?:1 MCi(xi)'xi
where, C4,C5, ... ... ... C,, are the output fuzzy sets and (x;) is the value where middle of

the fuzzy set C; is observed.
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Weighted average method

Graphically,
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Exercise 1

Find the crisp value of the following using all defuzzified methods.

f C,

1.0

Ci
05

IA
N
(&3]
IS
e
[#))

i NPTEL ONLINE Debasis Samanta

| IIT KHARAGPUR \ CERTIFICATION COURSES CSE
Ll IIT Kharagpur



- e
Exercise 2

Find the crisp value of the following using all defuzzified methods.

4 c

1.0
0.75 c
0.5 C
- -
12 3 4 5 6 £ 8 9 10
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Exercise 3

* The membership function defining a studentas Average, Good, and Excellent
denoted by respective membership functions are as shown below.

A Avg Good Excellent

1.0

05 ==

6.0 6.5 7 75 8.0 8.5 9.0 10.0

* Find the crisp value of “Good Student”
Hint:
Use CoG method to the portion Good to calculateit.
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Exercise 4

Jr £ — Hyige
10 7| l
0.5 ==
0.4 /
L L L L L L L L P
T T T T T T T T T T >
5 6 7 8 g 10

e The width of a road as narrow and wide is defined by two fuzzy sets, whose

membership functions are plotted as shown above.
* If a road with its degree of membership value is 0.4 then what will be its width (in
crisp) measure.
Hint:
Use CoG method for the shaded region
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Exercise 5

The faulty measure of a circuit is defined fuzzily by three fuzzy sets namely
Robust(R) , Fault tolerant (FT) and Faulty(F), defined by three membership

functions with number of faults occur as universe of discourses and is shown below.
1(x) H(x) H(x)

1.0 iy 1.0 7 1.0 1.0
; L) I i‘
0.751 AN 075 4+ P 075 +
4 \ A

; \ A
05— 5 05 5 US) 05 -+

! LY
- : 0.3
025+ 025 4 025 -+
""" 1 1 L 1 1 1

01234557&910x 01234567sa1ox012345678910"

Reliability is measured as R* = F U FT U R With a certain observation in
testing (x,0.3) € R, (x,0.5) € FT,(x,0.8) € F.

Calculate the reliability measure in crisp value.

Calculate with 1) CoS 2) CoG.
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